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and 
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(Received 28 August 1986) 

The static structure factor for a dispersion of charged colloidal particles is calculated in 
the Random Phase Approximation. The effects of the electrostatic repulsion between the 
particles is split into two parts; a strong short range repulsion which is included in the 
reference system through an enhanced effective hard sphere diameter and a long range 
interaction of DLVO type that is treated as a perturbation. 

Recently, Hayter and Penfold’ have calculated the static structure 
factor S ( q )  for a dispersion of charged colloidal particles using the 
Mean Spherical Approximation (MSA) and the resulting analytic 
expression for S(q) has been used extensively to interpret experimental 
scattering data.’ Although useful, their calculation is difficult to extend 
to multicomponent systems and not convenient for the description of 
dynamical properties. Since our aim is to examine these problems in the 
near future, we propose a simple and hopefully useful model based on 
liquid state perturbation theory using the well known Random Phase 
Approximation (RPA).3*435 Normally in this approximation scheme, 
the electrostatic interaction between the colloidal particles would be 
treated as a perturbation to the reference hard sphere fluid arising from 
the “bare” excluded volume interaction between the colloidal particles. 
The modification to this description introduced here consists of assum- 
ing that for strong electrostatic repulsions, two spheres cannot come 
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closer to each other than a certain effective hard sphere diameter 
Dcff = RD, where R 2 1 and D is the “bare” hard sphere diameter. The 
original Hayter-Penfold calculations are known to lose their validity 
for dispersions of both low densities and high surface potentials6 and 
the Rescaled Mean Spherical Approximation (RMSA) was proposed 
by Hayter and Hansen7 to extend the validity of the calculations to 
lower densities. But when the surface potential $o is large, the validity 
of the model is still unclear. The effective hard sphere argument 
introduced here is consistent with the spirit of the RMSA. But we 
include the rescaling argument as an integral part of the physical model 
independent of the density as opposed to Hayter and Hansen who 
introduced rescaling only when unphysical results are obtained from 
the MSA at low densities. 

The scattering intensity I(q) from a colloidal dispersion represented 
as a one-component macrofluid is given by 

I(q) a P ( d S ( 4 )  (1) 

where P(q) is the macroparticle form factor. The structure factor S(q) 
can be written’ in terms of the fourier transform of the direct correla- 
tion function C(q) with 

where n is the number density of macroparticles and another equation 
relating C(q) to the pairwise interaction potential is needed to solve the 
problem completely. For this we propose to use a perturbation theory 
based on the RPA3.4,5 with 

(3) 
where B = ( k B T ) - ’ ,  COcff(q) is the direct correlation function for the 
hard sphere reference fluid whose hard sphere diameter is Deff = RD 
( R  2 1 )  and Ueff(q) is the fourier transform of the perturbation poten- 
tial. We may use the well known Percus-Yevick’ expression for the 
hard sphere reference fluid which gives 

nCoeff(q) = [A(sinx - xcosx) 

C(q) = COeff(d - BUeff(4) 

+ .[($ - ~ ) x c o s x  + 2sinx - X ~ ’1 
- OA[? 2 x3 + 4( 1 - :)sinx - (1 - + ~ ) X C O S X ] ] X - ~  

(4) 
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where x = qD,,,, n = nnD;,,/6 is the effective volume fraction and 

Again we stress that by replacing D by its effective value, 
Deff  = RD(R 2 l), we hope to simulate reasonably well the strong short 
range repulsion of charged spheres and the structure factor for the 
hard sphere reference fluid S,(q) should model the real structure factor 
S(q) for wavevectors greater than q p ,  the wavevector of the principle 
peak in S(q),3 i.e. 

S(q) S d q )  for 4 2 qp ( 6 )  
The perturbation correction which is significant for small wavevectors, 
q 5 q p ,  is represented by U,,,(q) which is usually assumed to arise from 
the classical DLVO potential: 

where k D  is the inverse Debye screening length, c: is the dielectric 
constant of the medium and t+hOeff is an effective surface potential. The 
DLVO interaction potential known to be invalid for r - D, but the 
effective potential of this model avoids this difficulty by not allowing the 
spheres to come into true contact with each other so that the DLVO 
potential need only be used for large r with an effective interaction 
strength.’ If we assume the Uef f ( r )  = 0 for r < Deff,’ then by taking the 
Fourier transform of Eq. (7) one finds 

nC(q) = nC,(q) - 2 4 ~ y e - y ~  cos x + s sin x)/[x(x’ + s’)] (8) 
where s = kDDeff and y is a constant depending on $Oeff with 

Y = PnCDeff Icl; cff exp(s) (9) 
This model can easily be shown to reproduce the essential features of 

the MSA and RMSA ‘results as obtained by Hayter et al.’.’ when R is 
chosen to ensure that the principle peak in S(q) is correctly located and 
ljlOeff is chosen to give correct values of the osmotic compressibility. To 
illustrate this last point, we consider the forward scattering intensity 
which is obtained by letting q = 0, when 

We recall that 11 represents here the effective volume fraction which is 
fixed when R has been chosen, so that if the Debye screening length is 
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calculated from the concentration of added salt (assumed to be very 
much greater than the counterion concentration), eff is the only free 
parameter available to fix the osmotic compressibility. This model is in 
principle good for any density as long as the hard sphere system 
constitutes an accurate reference system. This limits applicability to 
charged dispersions with added salt where the charge screening effects 
are dominant. In systems with no added salt an alternative approach 
based on a one component plasma reference fluid is more 
appropriate.' O 

The simplicity of this model makes it suitable for the study of 
dynamical properties of charged colloidal dispersions and this will be 
the subject of a future communication. 
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